Abstract. The concepts of sup-hesitant fuzzy UP-subalgebras, suphesitant fuzzy UP-filters, sup-hesitant fuzzy UP-ideals, and sup-hesitant fuzzy strongly UP-ideals are introduced, proved some results and discussed the generalizations of these concepts. Furthermore, we discuss the relations between sup-hesitant fuzzy UP-subalgebras (resp., suphesitant fuzzy UP-filters, sup-hesitant fuzzy UP-ideals, and sup-hesitant fuzzy strongly UP-ideals) and their level subsets.
Introduction
A hesitant fuzzy set is a function from a reference set to a power set of the unit interval. The concept of a hesitant fuzzy set was first introduced by Torra and Narukawa [15] and Torra [14] in [2009] [2010] . The hesitant fuzzy set theories developed by Torra and Narukawa, and others have found many applications in the domain of mathematics and elsewhere.
After the introduction of the concept of hesitant fuzzy sets by Torra and Narukawa [15, 14] , several researches were conducted on the generalizations of the concept of hesitant fuzzy sets and application to many logical algebras such as: In 2012, Zhu et al. [17] introduced the concept of dual hesitant fuzzy sets, which is a new extension of fuzzy sets. In 2014, Jun et al. [5] introduced the concepts of hesitant fuzzy soft subalgebras and (closed) hesitant fuzzy soft ideals in BCK/BCI-algebras. Jun and Song [6] introduced the concepts of (Boolean, prime, ultra, good) hesitant fuzzy filters and hesitant fuzzy MVfilters of MTL-algebras. In 2015, Jun and Song [7] introduced the concepts of hesitant fuzzy prefilters (resp., filters) and positive implicative hesitant fuzzy prefilters (resp., filters) of EQ-algebras. In 2016, Jun and Ahn [4] introduced the concepts of hesitant fuzzy subalgebras and hesitant fuzzy ideals of BCK/BCI-algebras. Rezaei and Borumand Saeid [11] introduced
Preliminaries
Before we start our study, we recall some definitions and facts about UPalgebras.
An algebra A = (A, ·, 0) of type (2, 0) is called a UP-algebra [2] where A is a nonempty set, · is a binary operation on A, and 0 is a fixed element of A if it satisfies the following assertions:
From [2] , we know that a UP-algebra is a generalization of the concept of a KU-algebra.
In a UP-algebra A = (A, ·, 0), the following assertions are valid (see [2, 3] ).
We assume from now on that A will always denote a UP-algebra (A, ·, 0).
Definition 2.1 ([2]
). A subset S of A is called a UP-subalgebra of A if the constant 0 of A is in S, and (S, ·, 0) itself forms a UP-algebra.
Iampan [2] proved the useful criteria that a nonempty subset S of A is a UP-subalgebra of A if and only if S is closed under the · multiplication on A.
Guntasow et al. [1] proved that a UP-subalgebra is a generalization of the concept of a UP-filter, a UP-filter is a generalization of the concept of a UP-ideal, and a UP-ideal is a generalization of the concept of a strongly UP-ideal. Moreover, they also proved that a UP-algebra A is the only one strongly UP-ideal of itself.
A fuzzy set [16] in a nonempty set X (or a fuzzy subset of X) is an arbitrary function from the set X into [0, 1] where [0,1] is the unit segment of the real line.
Somjanta et al. [13] and Guntasow et al. [1] introduced the concept of fuzzy UP-subalgebras (resp., fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) of UP-algebras as follows:
Guntasow et al. [1] also proved that a fuzzy UP-subalgebra is a generalization of the concept of a fuzzy UP-filter, a fuzzy UP-filter is a generalization of the concept of a fuzzy UP-ideal, and a fuzzy UP-ideal is a generalization of the concept of a fuzzy strongly UP-ideal. Moreover, they also proved that a fuzzy strongly UP-ideal and a constant function coincide.
Let X be a reference set. A hesitant fuzzy set [14] on X is defined in term of a function h that when applied to X return a subset of [0, 1] , that is, h : X → P([0, 1]). Let h be a hesitant fuzzy set on X. The hesitant fuzzy set h defined by h(x) = [0, 1] − h(x) for all x ∈ X is said to be the complement [9] of h on X. The hesitant fuzzy set h * defined by h * (x) = {1 − sup h(x)} for all x ∈ X is said to be the supremum complement of h on X. Then sup h * (x) = 1 − sup h(x) for all x ∈ X. We observe that (h * ) * (x) = {sup h(x)} for all x ∈ X, and then sup(h * ) * (x) = sup h(x) for all x ∈ X.
If h is a sup-hesitant fuzzy UP-subalgebra of A, then it follows from (2.1)
If f is a fuzzy set in A, we define a hesitant fuzzy set h f on A by h f (x) = {f (x)} for all x ∈ A, and then sup h f (x) = f (x) for all x ∈ A. We call h f the hesitant fuzzy set induced by f . We can easily show that if f is a fuzzy UPsubalgebra (resp., fuzzy UP-filter, fuzzy UP-ideal, fuzzy strongly UP-ideal) of A, then h f is a sup-hesitant fuzzy UP-subalgebra (resp., sup-hesitant fuzzy UP-filter, sup-hesitant fuzzy UP-ideal, sup-hesitant fuzzy strongly UP-ideal) of A.
If h is a hesitant fuzzy set on A, we define a fuzzy set f h in A by f h (x) = sup h(x) for all x ∈ A. We call f h the fuzzy set induced by h. We can easily show that if h is a sup-hesitant fuzzy UP-subalgebra (resp., sup-hesitant fuzzy UP-filter, sup-hesitant fuzzy UP-ideal, sup-hesitant fuzzy strongly UPideal) of A, then f h is a fuzzy UP-subalgebra (resp., fuzzy UP-filter, fuzzy UP-ideal, fuzzy strongly UP-ideal) of A.
By Definition 2.4, we will discuss the generalizations of these concepts.
Theorem 2.1. Every sup-hesitant fuzzy UP-filter of A is a sup-hesitant fuzzy UP-subalgebra.
Proof. Given that h is a sup-hesitant fuzzy UP-filter of A. Then for all x, y ∈ A,
Hence, h is a sup-hesitant fuzzy UP-subalgebra of A. Proof. Given that h is a sup-hesitant fuzzy UP-ideal of A. Then for all x, y ∈ A, sup h(0) ≥ sup h(x), and sup h(y) = sup h(0 · y) ((UP-2))
Hence, h is a sup-hesitant fuzzy UP-filter of A. (1 · 3) ), sup h(1)}, we have h is not a sup-hesitant fuzzy UP-ideal of A. Theorem 2.3. Every sup-hesitant fuzzy strongly UP-ideal of A is a suphesitant fuzzy UP-ideal.
Proof. Given that h is a sup-hesitant fuzzy strongly UP-ideal of A. Then for all x, y, z ∈ A, sup h(0) ≥ sup h(x), and
Hence, h is a sup-hesitant fuzzy UP-ideal of A. 1) ), sup h(0)}, we have h is not a sup-hesitant fuzzy strongly UP-ideal of A.
By Theorems 2.1, 2.2, and 2.3 and Examples 2.1, 2.2, and 2.3, we have that a sup-hesitant fuzzy UP-subalgebra is a generalization of the concept of a sup-hesitant fuzzy UP-filter, a sup-hesitant fuzzy UP-filter is a generalization of the concept of a sup-hesitant fuzzy UP-ideal, and a sup-hesitant fuzzy UP-ideal is a generalization of the concept of a sup-hesitant fuzzy strongly UP-ideal. Proof. Given that h is a sup-hesitant fuzzy strongly UP-ideal of A. Then sup h(0) ≥ sup h(x) and sup h(x) ≥ min{sup h((z · y) · (z · x)), sup h(y)} for all x, y, z ∈ A. For any x ∈ A, we choose z = x and y = 0. Then
Conversely, given that the supremum of all images of h is equal. Then, for all x ∈ A, sup h(x) = sup h(0). Obviously, sup h(0) ≥ sup h(x) and sup h(x) ≥ min{sup h((z · y) · (z · x)), sup h(y)} for all x, y, z ∈ A. Hence, h is a sup-hesitant fuzzy strongly UP-ideal of A.
Characterizations of t-Level Subsets
We divide this section into two parts. We study sup-upper t-level subsets in the first part, and sup-lower t-level subsets in the second part.
Definition 3.1. Let h be a hesitant fuzzy set on A. For any t ∈ [0, 1], the sets U sup (h; t) = {x ∈ A | sup h(x) ≥ t} and L sup (h; t) = {x ∈ A | sup h(x) ≤ t} are called a sup-upper t-level subset and a sup-lower t-level subset of h, respectively.
3.1. sup-Upper t-Level Subsets. In this part, we discuss the relations between sup-hesitant fuzzy UP-subalgebras (resp., sup-hesitant fuzzy UPfilters, sup-hesitant fuzzy UP-ideals, and sup-hesitant fuzzy strongly UPideals) and their sup-upper t-level subsets. Theorem 3.1. A hesitant fuzzy set h on A is a sup-hesitant fuzzy UPsubalgebra of A if and only if for all t ∈ [0, 1], a nonempty subset U sup (h; t) of A is a UP-subalgebra of A.
Proof. Given that h is a sup-hesitant fuzzy UP-subalgebra of A. Let t ∈ [0, 1] be such that U sup (h; t) = ∅ and let x, y ∈ U sup (h; t). Then sup h(x) ≥ t and sup h(y) ≥ t. Since h is a sup-hesitant fuzzy UP-subalgebra of A, we have sup h(x·y) ≥ min{sup h(x), sup h(y)} ≥ t and so x·y ∈ U sup (h; t). Therefore, U sup (h; t) is a UP-subalgebra of A.
Conversely, given that for all t ∈ [0, 1], a nonempty subset U sup (h; t) of A is a UP-subalgebra of A. Let x, y ∈ A. Choose t = min{sup h(x), sup h(y)} ∈ [0, 1]. Thus sup h(x) ≥ t and sup h(y) ≥ t. Thus x, y ∈ U sup (h; t) = ∅.
By assumption, U sup (h; t) is a UP-subalgebra of A and so x · y ∈ U sup (h; t). Thus sup h(x · y) ≥ t = min{sup h(x), sup h(y)}. Hence, h is a sup-hesitant fuzzy UP-subalgebra of A.
The proof of Theorems 3.2, 3.3, and 3.4 can be established by a similar argument to the proof of Theorem 3.1. 3.2. sup-Lower t-Level Subsets. In this part, we discuss the relations between sup-hesitant fuzzy UP-subalgebras (resp., sup-hesitant fuzzy UPfilters, sup-hesitant fuzzy UP-ideals, and sup-hesitant fuzzy strongly UPideals) and their sup-lower t-level subsets.
Theorem 3.5. Let h be a hesitant fuzzy set on A. Then h * is a sup-hesitant fuzzy UP-subalgebra of A if and only if for all t ∈ [0, 1], a nonempty subset L sup (h; t) of A is a UP-subalgebra of A.
Proof. Given that h * is a sup-hesitant fuzzy UP-subalgebra of A. Let t ∈ [0, 1] be such that L sup (h; t) = ∅ and let x, y ∈ L sup (h; t). Then sup h(x) ≤ t and sup h(y) ≤ t. Since h * is a sup-hesitant fuzzy UP-subalgebra of A,
Conversely, given that for all t ∈ [0, 1], a nonempty subset L sup (h; t) of A is a UP-subalgebra of A. Let x, y ∈ A. Choose t = max{sup h(x), sup h(y)} ∈ [0, 1]. Then sup h(x) ≤ t and sup h(y) ≤ t. Thus x, y ∈ L sup (h; t) = ∅. By assumption, we have L sup (h; t) is a UP-subalgebra of A and so x · y ∈ L sup (h; t). Thus sup h(x · y) ≤ t = max{sup h(x), sup h(y)}. Hence,
Therefore, h * is a sup-hesitant fuzzy UP-subalgebra of A.
The proof of Theorems 3.6, 3.7, and 3.8 can be established by a similar argument to the proof of Theorem 3.5. 
Conclusions and Future Works
In present paper, we have introduced the concepts of sup-hesitant fuzzy UP-sub-algebras, sup-hesitant fuzzy UP-filters, sup-hesitant fuzzy UP-ideals, and sup-hesitant fuzzy strongly UP-ideals of UP-algebras, proved their generalizations and investigated some of their important properties. Then we have the generalization diagram of hesitant fuzzy sets in the meaning of the supremum of its images in UP-algebras below.
In our future study of UP-algebras, the following objectives considered:
• To get more results of hesitant fuzzy sets in the meaning of the supremum of its images.
• To define anti-hesitant fuzzy sets in the meaning of the supremum of its images.
• To define operations of hesitant fuzzy sets.
• To define hesitant fuzzy soft sets.
